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Using the multiple-scale perturbation method, the diffraction of a nonlinear nearly
periodic wavetrain by a vertical circular cylinder is investigated. The envelope of
the incident wavetrain is assumed to modulate slowly in the direction of wave
propagation. The relationship between the envelopes of incident and scattered waves
is derived. It is shown that second-order scattered set-down waves propagate only
at the long-wave velocity (gh):i. The formula for low-frequency wave forces acting on
the cylinder is presented. The low-frequency wave forces, which are second-order
quantities, are caused by set-down waves beneath the wavetrain and the results of
the self-interactions of the leading-order first harmonic wave components. Numerical
solutions are presented for the case where the wave envelope varies sinusoidally.

1. Introduction

Wave forces acting on piles have been the subject of investigation by many
researchers for many years. The linear diffraction theory for small-amplitude Stokes
waves incident on a vertical circular cylinder was due to Havelock (1940) for deep
water and MacCamy & Fuchs (1954) for a finite depth. Several attempts have been
made by various researchers to include the effects of finite amplitude (Chakrabarti
1972; Raman, Jothishanker & Venkatanarasaiah 1977). However, as pointed out by
Isaacson (1977), these nonlinear theories failed to satisfy all the hydrodynamic
boundary conditions. Using the method of Fourier—Bessel integral representation for
the second-order velocity potential, Hunt & Baddour (1981) were able to correct the
errors and found the second-order wave forces on a circular cylinder in deep water.
Hunt & Williams (1982) extended the theory for general water depths.

In Hunt and his colleagues’ work, the second-order Stokes wave was assumed to
be uniform. Therefore, their second-order wave forces have a frequency which is twice
that of the carrier-wave frequency. In practical engineering design, however, it is
more important to find the low-frequency second-order wave forces since the natural
frequency of the structure and mooring system is usually much lower than the carrier
frequency. Therefore, it is the objective of this paper to find the second-order
low-frequency wave forces on a circular cylinder by a second-order Stokes wave whose
envelope modulates slowly in both space ant time.

The multiple scales perturbation method is employed here to study the three-
dimensional problem. The same technique has been developed by Agnon & Mei (1985)
for a two-dimensional problem. For the present problem, the relationship between
the incident-wave envelope and that of the scattered-wave envelope is first found.
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The scattered-wave envelope propagates in the radial direction with the group
velocity of the incident-wave envelope. The second-order scattered set-down waves
are shown to be propagating only with the long-wave speed, (gh)}. Unlike the
two-dimensional problem studied by Agnon & Mei, the self-interaction of the
first-order scattered waves does not generate any forcing terms for the scattered
set-down waves.

The formula for the low-frequency wave forces acting on the cylinder is derived.
The second-order, low-frequency wave forces are caused by the set-down waves as
well as the self-interactions of the leading-order first harmonic wave components.
Numerical results are presented for the case where the envelope of the incident
wavetrain is a sine function.

The theory presented herein is restricted to the flow regime wherein flow separation
does not occur. Therefore the wave amplitude must be much smaller than the
diameter of the cylinder.

2. Formulation of the problem
2.1. Governing equations

Consider a vertical circular cylinder with radius a, being fixed on a horizontal sea
bottom of depth h. Assuming that the fluid is inviscid and the fluid is irrotational,
the velocity potential, @(x, y, z,t), satisfies the Laplace equation

b, +PD,+P,,=0 (—h<z<{), (2.1)

where ¢ denotes the free-surface elevation. The subscripts represent partial differ-
entiations. The Cartesian coordinate system (x, y, 2) is fixed on the undisturbed free
surface ; the z-axis coincides with the vertical axis of the cylinder and points upward.

On the sea bottom, z = —h, and the cylinder, r = a, the normal flux vanishes. Thus
D,=0 (z=-—h), (2.2)
D, =0 (r=a). (2.3)

A cylindrical polar coordinate system (r,6,2) has also been employed herein for
convenience. On the free surface, the kinematic condition requires

&+&s ¢z+§y¢y =&, (z=Y0), (2.4)
while the dynamic condition requires

gl+ D, +}PL+ P+ P =0 (2=10). (2.5)

2.2. Perturbation equations

We assume that the incident wavetrain, propagating in the positive z-direction, is
nearly periodic with frequency w. The envelope of the incident wavetrain modulates
slowly in both z-direction and time ¢. For small-amplitude waves k4 = O(e) < 1,
where k is the wavenumber of the carrier waves, and the length and time scales of
the envelope modulation are O(¢~!) times 2n/k and 21/w, respectively. Since similar
contrast in scale is expected in the scattered-wave field, we introduce the following
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expansions in terms of the fast (z,y,z,t) and the slow (zr, =ex,y, =€y, t, = et)
variables:
D =eD,(x,y,2,t,2,,y, 8,) +eEPy(x, y, 2, L, 2, 4y, 6 + ... ,l

(2.6)
¢ = ely(x, 4, t, 2y, Y1, 1) +€2E0(2, Y, b, 21, Y1, ) + .. J

Substituting (2.6) into the governing equations (2.1)~(2.5) and collecting the terms
in the same order of magnitude, we obtain, from the Laplace equationin —4 <z <0:

¢la:a:"'¢1yy+¢lzz =0, (2.7a)
¢22:2: + ¢21/1/ + ¢2zz =- 2¢1a:a:1 - 2¢1yy1’ (2-7 b)

.y
from the free-surface conditions on z = 0

Dy +99P,, =0, (2.8a)

1
‘pm + 9¢zz =- 24>1u1 - [%(djgz + ¢§y + djfz) _6 dju djm:It - (¢1z dju)z‘ (¢1y (pu)y»

s (2.8b)
¢ = -é Dy, (2.9a)
L= —3 [P+ Py &+ Py, +3(P3, + P, + PL,)], (2.95)

from the no-flux condition on the sea bottom (z = —A)
D,=P,=...=0 (z=-h), (2.10)
and on the cylinder (r = a) o, =0, @.11a)
&, =—b,,, (2.11b)

where 7, = (22+ 42}, and r, = er.
The solution is sought in terms of harmonics with respect to the fast time variables,
i.e.

n

&,= T b,,eim (2.120)
m=—n
n

o= X Came '™, (2.12b)
m=—n

with ¢, = {*_, etc., where the ‘*’ denotes the complex conjugate. We note that
®,, and {,, denote the wave fields which vary slowly in time.

2.3. Low-frequency forces on the cylinder
The pressure at any point in the fluid is given as

P = pgz—cp®Byy + 6 p[yy + 1B, +D,, 7+ B,,J1)] + O(e). (2.13)

The total horizontal wave force on the cylinder in the z-direction can be obtained,
in principle, by integrating the z-component of the pressure over the surface of the
cylinder, i.e.

L4
F,= J: J_h a(—p)cosfdzdld (r=a). (2.14)
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Since we are interested in the low-frequency forces, which depend on only the slow
time variable, (2.14) can be reduced to be

0 2rn 2
F,=pa I I D\, cos ddz+pa I cosﬁ{[( —iw®,, it +e.c) o+ 918,17
~h J0O 1]

)
+J.—h (|¢1lz|2+|¢11y|2+ |¢11z|2)d2} dé (r=a), (2.15)

where the first term denotes the low-frequency wave forces induced by the set-down
waves beneath the wavetrain, while the second term is the result of the self-
interactions of the leading-order first harmonic wave component @,. In the following
sections, analysis is presented to find the solutions for @,, and ®,, so as to calculate
the flow-frequency forces from (2.15).

3. The first-order first harmonic potential, @,,
The first-order first harmonic potential, @,,, satisfies the following equations:

¢11zz+¢11yy+¢11zz =0 (—h<z2<0), 3.1)
D,,,—0P,=0, o=wlg (z=0), (3.2)
Py, =0 (z=—h), (3.3)

D, =0 (r=a) (3.4)

In addition, the radiation condition requires that the disturbance caused by the
circular cylinder must be outgoing at infinity.
If the leading-order incident wave potential is given as

coshk(z+h) . ®  coshk(z+h
P, =4 W e =% 4 Wﬂnﬁl(lﬂ) cosnd,  (3.5a)
n=0
with
o = k tanh kh, (3.5b)

where 8, = 1 for n = 0 and g, = 2i" for n > 1, the solution to the problem given in
(3.1)~(3.4) has been given by MacCamy & Fuchs (1954) and can be expressed as

_coshk(z+h) & { Jn(ka)
Pu="gnnin 2, An A alk) =B 7 (ka) H,,(kr)} cos nf), (3.6)

where H, is the Hankel function of the first kind. In (3.6) the prime denotes the
derivative of the function with respect to the argument. A(x,,t,) is the prescribed
incident-wave envelope and B(z,,y,,t,) is the envelope of scattered waves to be
determined. Through the boundary condition (3.4) 4 and B are related :

Az, b)) = B(x,,y,,t,) onr=a. 3.7)

To obtain the slow modulation of the scattered-wave envelope, B, we must examine
the second-order first harmonic problem. The governing equations for @,, are

coshk(z+h ] .
¢21zz+ ¢21yy+ ¢2lzz = Sin}f kh ) —211(314.zl e"“‘

Q
+2 T (B, G, +B,, G,,y)} (—h<z<0), (3.8a)

n=0
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2iw : @©
b,,—od, = . {Ah e**— ¥ B, Gn} (z=0), (3.8b)
1 n=0
Dy, =0 (2=—h), (3.8¢)
Py =—Py,, (r=a), (3.8d)
where o, =tanhkh, G, =2, #‘% H, (kr) cosn. (3.8¢)
n

The solutions for @,, can be split into two parts: the incident wave component &I,
and the scattered-wave component &3,. Thus

b, = b5, + DL, (3.9)
The incident-wave component @}, can be readily expressed as (e.g. Mei 1983)
oL, = —‘("’thiif]‘d’z(”h) 4, e, (3.10)
Furthermore, A(x,,t,) satisfies the conservation equation
4, +C, 4, =0, (3.11)
where C, is the group velocity dw/dk, which implies
A= A(x,—C,t,). (3.12)

We propose the solution for @3, in the following form:

_ 1 (+A)sinhk(z+h) &
¢§1 Tk sinh kA n§o (le G"1+By1 G"!/) + glzsl (3.13)

Substituting (3.9)-(3.13) into (3.8), we obtain a set of governing equations for ¥§,:

W2slzz+ glzslyy'l' glzslzz =0 (-h<z< 0), (3.14q)
s s — 2w X i
B 0¥h = =7 I (B, G OBy, Guat B, Gr) = P (:=0), (3.14D)
1 n=0
Y35:=0 (2=—h), (3.14¢)

glzs" == (Dllﬁ - ¢glr
1 (z+h) sinh k(z+h) X
"k sinhkh 2 (B, Gppt By, Gy, (r=a). (3.14d)

n=0

To ensure the uniqueness of the solution to (3.14), a radiation boundary condition
is imposed on the scattered-wave potential, i.e.

r%(ga;—ik) Y5 >0 asr—>c0. (3.15)
Note that for later use the right-hand side of (3.145) has been denoted as P.

Since the boundary-value problem for %5 is a linear one, we can construct the
solution as the addition of two solutions: one responds to the inhomogeneous
free-surface boundary condition and the other one results from the inhomogeneous
condition on the cylinder. Thus

WZSI = ¥1251+ ¢l2sv (3.16)
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where P$ is the solution of the following equations:

¢2Slzz+ qlzslyy"' q’zslzz =0 (-h<z< 0), (3.17a)
5. —0P5 =P (2=0), (3.17b)
P5.=0 (z=—h), (3.17¢)
5,=0 (r=a), (3.17d)
"*(%—ik) P50 asr—> oo, (3.17¢)
and %3, satisfies the following governing equations
flzslzz"' f’2slyy+ ¢2slzz =0 (-h<z< 0), (3.18a)
P5.—o¥5 =0 (=0), (3.185)
P5.=0 (z=—h), (3.18¢)

S — bl
qlzlr_ ¢11r. ¢21r

1 (24+Ah) sinh k(z+4) 2
—z sinh kh )y (B51G"I+ByIGny)r (r=a), (3.18d)

n=0
ﬁ(%—ik) PS>0 asr—oo. (3.18¢)
The right-hand side of (3.17b) takes the following asymptotic form as r»c0:

2\ ® 2iw

P~ —(B,+C,B,) (——) el¥r ¥ “—g._ cosnf+0(r ¥, (3.19)
nkr n=0 01

where In = ﬂ” IJf'/l((I;:Z)) e—iien+nn (320)

n

Since the leading-order term given in (3.19) is a part of solutions for the homogeneous
problem of (3.17), the particular solution for (3.17) must behave as 7P or 7i e*" as
r—> o0, which violates the radiation boundary condition (3.17¢), and causes the
inconsistency in the asymptotic expansion, i.e. |®@,,| > |®,,| as r > 0. To eliminate
this difficulty, we require

B, +C,B, =0, or B=B(r,—C,t,0). (3.21)
Therefore, the scattered-wave envelope travels in the radial direction with a speed

C,. The free-surface boundary condition for ¥§, becomes

P5.,—oP5=Q (2=0), (3.22a)
where
9 2iw 2\ ]
Q= —"2_:0 R {B,l [G,, ~Gn (%) el*" cos nf

i

o 2V ]} 3 2wi
% C, [le G,.+B, G,,—B, ik (ﬂ:_kr) el¥rg . cosnf | = — "2_10 - F, cosnf.
(3.22b)

The solutions for the second-order potentials ¥,; can be obtained by Weber’s method
{Hunt & Williams 1982). They do not play any role in calculating the low-frequency
forces and will not be presented here.
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Combining (3.21) with (3.7) and (3.12), we obtain
B(r,—Cyt,, 6) = A[r;—C,t, —ea(1l —cos §)]. (3.23)

Since the envelope of the incident wavetrain, 4(x, —C,t,), is prescribed, the envelope
of the scattered waves can be found from (3.23) by substituting =z, by
[r,—ea(l —cos B)]. The solution for @,, is, therefore, completed. We now turn our
attention to the solution for @,,.

4. The first-order zeroth harmonic potential

From the zeroth harmonic of (2.7a)—-(2.11a), the short-scale variation of @, is
governed by the following equations:

Bozpt Broyy+ Proz =0 (—h <2<0), “.1a)
®,,=0 (z=0and —h), (4.1b)
By, =0 (r=a). (4.1¢)

The only possible solution for (4.1) describes a circulation motion; i.e.
D, ~ 0 =tan"! (z/y). This type of solution is, however, discarded in the present
analysis since the incident waves do not contain the first-order low-frequency
velocity. Therefore, ®,, = ®,,(x;,,,t,) is independent of fast variables.

The long-scale equations for @,, could be obtained from the third-order zeroth
harmonic equations of the basic perturbation equations. Alternatively, following
Agnon & Mei’s (1985) approach, we substitute the solution series (2.6) into the

continuity equation
14 ¢
e[ aac] +[ [ 2,0 =o. @
-h T —h Yy

and collect the third-order terms. Thus

GooF Lar, + §u,+[ fh Py, d"],a"' [ J_o,, Py dz]y,

+[ fh (D1z,+ Py;) A2+, ¢lz]zn + [ J‘O (Dyy, +Pyy) dz+ &, ¢1y]

+[ fh (¢1z,+¢2,l+¢u)dz]z+|: j (P, + 2y1+¢3y)dz]y

+ (& ‘plx, +§ Py + 5P+ G Do)+ (G ‘ply. +¢&, ‘pzy +&, ¢1y +1iG ‘plyz)y = (() 3
4.3)

Substituting (2.12) into (4.3) and collecting the zeroth harmonic terms, we obtain

Y1

1
h{¢1011 z1+¢10y1 y‘_g—h ¢mtI ty gh (|A|2 gh (|Alz)t1 0_2 gh (|A|2) }

+ h(¢30x1 + ¢301/1/) = F(x, Y2, t)’ (44)

where F(z,y,2,t) is a function of fast variables and is the result of cross-products
between incident waves and scattered waves as well as the self-products of scattered
waves. We remark here that because of the three-dimensionality the scattered-wave
amplitude must be a function of 7, the fast variable. In fact, from (3.6) or the required
radiation boundary condition the scattered-wave field behaves as r% el®7 b ag kr
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becomes large. Therefore the self-product of the scattered-wave field must be a
function of vast variables. The function F contributes only to the third-order solution
of &,,. Equating all terms involving only the slow variables, we obtain the
boundary-value problem for @,,:

1 k? 2w
¢101, ot ¢10y, ¥ —g_h ¢1ot1 L= _;m (lAI2)1 [T_ 9(0'2 )], (4.5)
Pior, =0 (r=n0), (4.6)

where (3.12) has been employed.
The right-hand side of (4.5) represents the forcing terms for the set-down waves
in the incident waves. We can, therefore, separate the total potential into two parts:

D, = Plo+ Py (4.7)
where @1 is the incident-wave potential, which is given as
L L ¥ —C,(ot—1)|]4? 4
102, — Cz gh 0,2 g(o'l_ ) | I ’ ( 8)

and @5, denotes the scattered-wave potential, satisfying

1

‘p?o:, E 21 + ¢10yl v gh ¢§0t1 [ 31 = 0’ (49)
5, = — Py, (r=a). (4.10)

The scattered low-frequency waves propagate with the shallow water wave velocity,
(gh)t. To find the specific solution form for the scattered-wave potential, we must
describe the envelope of the incident waves. However, without losing generality, we
assume that @], can be written in a form of Fourier series

1 o
o, =C, xl—L T C,eirthaTimal) Lce.
ko n=1
=Cyx,— Z C, e7inrah Z Bm I mlkynr,) cosnf+c.c., (4.11)
0 n=1 m=0

where k, denotes the wavenumber of the envelope of incident waves and w, = C, k.
The coefficients C,, (n =0,1,2,...) are determined from (4.8) for a specific 4. The
solution to (4.9) and (4.10) can be obtained as

F cosB+— 3 O eimonts 3 g —Imkana)

s, = Lo _ Imlkona)
ko n=1 m=0 ay Hy,(ay ko na)

x H, (g kynr,) cosmf+c.c. (4.12)

Thus the long-scale potential can be found from (4.7), (4.11) and (4.12). We remark
here that the scattered-wave potential satisfies the radiation boundary condition:

or

where k, = a k,n and @53 is the nth wave component of the scattered-wave
potential @$,. The complete solution for the slow variable potential @,, is the
summation of (4.11) and (4.12) as suggested by (4.7).

ri(i—ik,,) @57 >0 asr >0, (4.13)
1
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5. Low-frequency forces on the cylinder

Using the solutions for @,,, (3.6), and @,,, (4.11) and (4.12), we can now rewrite
the formula for low-frequency wave forces on the cylinder in the following form:

F,=fi+f, (r=a), (5.1a)
where

2x

fi = pah J D, cosb db

0

= 13 0 etno zl[ __ Jilnkea) ]
= —2pahw, T e El C, e 1*h| J (nk,a) 2 1 (ay nkq ) H, (xynkya) |+c.c.
; (5.1b)
an
2n (1] 1
.= pa j cosd {—ka,|¢u|§_o+J (|¢,,,|2+|q>m|2+ﬁ |q>,w|=> dz} a6
0 -h
paa)Z 2n 2n 1
= P2 [ gl 090 A0-+pa [ | Iyl + Kl + s Bl | 030 06,
goi Jo 0 a
(5.1¢c)
with @11 =, D11l ym0 (5.1d)
_[° cosh®k(z+h)
6= L Y g (5.1¢)

Note that the cylindrical coordinates (r,8,2z) have been employed in (5.1¢) for
convenience. In principle, (5.1¢) can be integrated numerically once A4 is given.

For the cases where the diameter of the cylinder is the same order of magnitude
as the wavelength of the carrier waves, we can neglect the ea cos8 term in (3.23) in
the neighbourhood of the cylinder. Thus, the boundary condition (3.7) can be
approximated as

B(r,,t,,0) = A(—Cyt)) (r=a). (5.2)
Using this approximation, (5.1¢) can be integrated analytically and gives
2 @©
fo=mpa (sz—‘"—2> {Po Prico+i ¥ (P, P’,“,+1+c.c.)}
g0, 240
G 0
+227 5 wn+1) (P, P, +c.c), (5.3)
2a ,o,

where P, =p,A(—-C t)l:z—i] 54
n—Fn ¢V | nkaH, (ka)]’ (5-4)

and P} is the complex conjugate of P,.

5.1. 4 numerical example
We consider the incident-wave envelope as sinusoidal; i.e.

A= %Ao sink, (z,— C, t,), (5.5)
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log,, CF1

0

FicURE 1. Force coefficient CF1 as a function of kk with O(1) k,a.

where 4, denotes the wave amplitude and 2rn/k, represents the wavelength of the
wave envelope. Substituting (5.5) into (4.10) and (4.11), we obtain

1 1 B2 2A?2
Pu=3 {ma [Tov“’f‘ 0] &5 =

It follows, from (5.1 b), that the low-frequency wave forces induced by the set-down
waves can be written as

J1(2ky @)

fy = phaw, ey | 1,2k, N e H,(2koa0a)

H, (2a, k, a)] e Mwlice, (5.7)

where A, represents the amplitude of the oscillations of the set-down waves. Thus

) BTl L Y |
We can define the maximum horizontal force coefficient CF1 as follows:
_hH
CF1 = max | o3| (5.9)

In figure 1 we show the variation of CF1 as a function of both k, @ and kh with values
of k,a, being O(1). The force coefficient increases rapidly as Ich decreases, which is
caused by the fact that C,—~gh, 4, and f, > as kh—>0. The wave forces approach
zero when the diameter of the mrcular cylinder becomes small, i.e. kya—0 (figure 2).
As shown in figure 2, the force coefficient is very sensitive to the water depth in terms
of both magnitude and its dependence on kya. For the intermediate water depth,
kh = O(1), the force coefficients vary oscillatory as a function of kya. The amplitudes
of oscillations decrease as kh decreases and k, a increases. Using the same normalization
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10

®

CF1x10~3 CF1

©

CF1

Figure 2. Force coefficient CF1 as a function of kya: (a) 0.25 < kk < 0.27, (b) 1.0 < kh < 1.5,
(¢) 1.8 < kh < 2.4.

factor as that defined in (5.9), we can introduce the maximum horizontal force
coefficient CF2 corresponding to f, as follows:

- fa
CF2 = m:a,x oghakAE
Equation (5.3) is used in (5.10) to find CF2 as a function of kA and ka. Since f, is
generated by the self-products of the first-order wave motion, CF2 is not a function
of the parameters associated with the envelope, i.e. kya. As shown in figure 3, the
wave force component has a maximum value at ka ~ 1.0 independent of k%. The wave
forces also increase as kh decreases.

. (5.10)
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10
)
40 8-
(a) kh=0.6

30 - s 0.7

i CF2 |

CF2 0.8

20 kh=04 AR

L 0.4 |
10 |- 0.5 21§ 09

- ¥ 055 -

1 1 | 1 n 1 Iy
0 2 4 6 0 2 4 6
ka ka
4
2.0
© @)
F ,
kh=1.5
3F kh=1.0 15
11 1.8
CF2 3
CF2 12
2+ 10
20
2.5
1} L5 05|
s i i 1 " N { N 1 L
0 2 4 6 0 2 4 6
ka ka

Ficure 3. Force coefficient CF2 as a function of ka: (a) 0.4 < kk < 0.55, (b) 0.8 < kh < 0.9,
() 1.0 < kh < 1.5, (d) 1.5 < kh < 2.5.

6. Concluding remarks

In this paper, we have presented a complete solution for the diffraction of a slowly
modulating wavetrain by a vertical circular cylinder, up to the second order of k4.
Two important results have been obtained in the process of deriving formula for
low-frequency wave forces: (1) the relationship between the incident-wave envelope
and the scattered-wave envelope is given in (3.23), which suggests that the scattered-
wave envelope propagates in the radial direction with the group velocity C, of the
incident wavetrain, and (2) the scattered second-order set-down waves propagates
with the long-wave speed (gh)}, (4.9). The first result seems to be associated with the
geometry of the circular cylinder, but the second result does not. It would be
interesting to extend the present theory to problems involving scatterers with
arbitrary geometries. Laboratory experiments should also be performed to measure
the low-frequency wave forces so as to verify the present theory.
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